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Introduction

H YPERSONIC propulsion and aerothermal testing re-
quirements continue to drive the development of ground

facilities capable of duplicating energy, Reynolds number, and
stream chemistry at near-orbital velocities. Expansion tube
pulse facilities offer this capability if the theoretical operating
cycle proposed by Trimpi1 is accepted as representing the
actual flow history. As shown in the distance-time (x-t) dia-
gram (Fig. la), this requires that the secondary diaphragm
rupture instantaneously on impact by the primary shock, and
that its mass contributes no inertia to the test gas for subse-
quent acceleration. However, experiments by Shinn and
Miller2 with helium test gas have shown that for even the
thinnest practical diaphragm (3.18 /mi polyester film in a
152-mm-diam tube) the primary shock reflection off the di-
aphragm maintains sufficient strength to travel more than 110
mm upstream into the oncoming test gas. Because the test gas
in an expansion tube originates from the vicinity of the di-
aphragm, it is processed by the reflected shock. For air test
gas, the entropy generated may be sufficient to cause signifi-
cant oxygen dissociation that can only be eliminated by recom-
bination in the subsequent unsteady expansion. In this sense,
the problem is similar to the nozzle freezing problem occurring
in high-enthalpy reflected shock tunnels.

The details of the secondary diaphragm rupture will affect
both the strength of the reflected shock generated and the rate
of expansion experienced by the test gas as it accelerates under
the influence of the unsteady expansion. This Note adopts a
diaphragm inertia rupture model3 assuming that the di-
aphragm shears cleanly around its periphery, remains intact
and nearly planer, and provides no resistance other than its
inertia to acceleration by the pressure field. The diaphragm
acceleration relieves the pressure behind the reflected shock so
that it weakens with time (Fig. Ib), lowering the test gas
entropy and initial dissociation levels. Also, and perhaps more
importantly, the diaphragm inertia limits the initial expansion
rate, allowing effective recombination to be achieved.

For this situation an approximate analytical solution for the
Lagrangian pressure-time history is presented for an ideal gas.
A one-dimensional numerical solution with equilibrium chem-
istry for the diaphragm-inertia model was also done and shows
good agreement with both the approximate analytical solution
and a pressure measurement for air test gas from the NASA
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Larigley HYPULSE expansion tube.4 The extent of recombi-
nation is then calculated using a finite rate chemistry package
for the analytically or numerically determined pressure-time
history.

Calculations including the diaphragm inertia show signifi-
cantly lower dissociation levels than those reported recently by
Wilson5 where the diaphragm was taken to hold fast for a
specified holding time and then allowed to open instanta-
neously without contributing inertia to the subsequent acceler-
ation (Fig. Ic). In Ref. 5, this model was used in a full
one-dimensional, unsteady-flow calculation with finite rate
chemistry. An approximate calculation of recombination for
this rupture model is included here for comparison with the
inertia model.

Finally, a two-parameter correlation summarizes the results
of the nonequilibrium calculations for air in terms of the
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Fig. 1 x-t diagrams for secondary diaphragm rupture models: a) ideal
diaphragm, b) inertial diaphragm and c) holding time diaphragm.
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postreflected shock thermodynamic properties and an inertial
time scale for the diaphragm. This allows rapid estimation of
nonequilibrium air compositions for any choice of diaphragm
and suborbital test conditions in an expansion tube.

Analysis
Under the assumption of a peripheral diaphragm rupture,

the diaphragm motion will proceed subject to its inertia and
the pressure applied to either side. Therefore, the diaphragm
acts as a very light piston separating the test and acceleration
gases. Because typical prerun diaphragm pressure ratios are of
the order 100-1000:1, pressure in the compressing acceleration
gas is negligible (for the initial portion of the diaphragm
motion) relative to the test gas pressure pd, behind the re-
flected shock. The equation of motion for the diaphragm is

Pddu
dt pdwd

(1)

where pd is the diaphragm density and wd the thickness.
Following Meyer,6 the gas between the diaphragm and the

reflected shock is assumed to have a uniform value of the
Riemann invariantJ+ = 2a/(y — I) + u, where a is the sound
speed and u the gas motion velocity, such that the /_ charac-
teristics will be straight lines emanating from the diaphragm
surface. That is, the expansion occurs through a simple wave.
Uniformity of /+ requires that either the reflected shock be
wealc such that entropy changes across it can be ignored, or
that it does not decay so that again a uniform entropy region
exists behind it. For conditions of interest the initial reflected
shock Mach number relative to the test gas is within the range
Mrs - 2-3, which, although not weak, does not significantly
alter the value of 7+. 7+ is evaluated behind the fully reflected
shock and assumed not to vary; thus the diaphragm motion is
equivalent to that caused by an infinite-length reservoir at the
postreflected shock pressure and sound speed. This leads to
the following relation for the pressure on the upstream face of
the diaphragm,

Po J+
(2)

where subscript 0 refers to conditions behind the fully re-
flected shock. Introducing a velocity scale UR = 2aQ/(y - 1)
and an inertial time scale tR = 2pdwda0/(y + 1)/?0 for the di-
aphragm motion, integration of Eq. (1) with Eq. (2) gives for
the diaphragm velocity

UR

A -(T-D/(T
1 + —

tj
(3)

and for the pressure history of a particle adjacent to the
diaphragm face,

Po
(4)

The initial expansion rate at t = 0 is dpd/dt = - ypQ/pdTda0,
which is seen to be limited by the diaphragm mass.

For subsequent particles, their location and pressure-time
history is evaluated analytically using the now known di-
aphragm trajectory (3) and the straight /_ characteristics.7
The reflected shock trajectory is computed similarly by evalu-
ating /_ at the diaphragm and communicating it back along
the straight characteristics to specify the downstream velocity
boundary condition for the shock.

For the holding time model just described, the holding time
creates a fully stagnant region. The instantaneous diaphragm
rupture that follows forms a centered unsteady expansion
anchored to the diaphragm station (Fig. Ic). Shock decay only
begins when the head of the expansion intersects the reflected
shock. Taking the holding time sufficiently large so that no

decay occurs for test gas particles that will comprise the useful
test gas, the pressure history for a particle which enters the
centered expansion at time t0 after shock reflection is,7

Po
(5)

where pQ is the pressure behind the reflected shock and t > tQ.
Different particle histories correspond to different values of tQ.
The initial expansion rate at t = t0 is dp/dt - — 2yp0/(y + l)tQ,
so that the particle initially adjacent to the diaphragm at
rupture, corresponding to t0^Q, experiences an infinite expan-
sion rate.

Inertial Diaphragm Model Results
The nominal Mach 17 operating condition4 of the HY-

PULSE expansion tube is used for a test case. For this condi-
tion the shock tube is filled with air to 3.45 kPa, and the
primary shock speed is 2670 m/s approaching the diaphragm.
The acceleration tube is filled to 7.2 Pa, also with air, and the
diaphragm is 12.7-jun polyester film. Equilibrium conditions
behind the reflected shock at the diaphragm are pQ = 2.\9
MPa, 0o=1380 m/s, and 7=1.30. The one-dimensional
finite volume code of Jacobs8 was run for this test case using
approximate equilibrium chemistry. The solution was started
at the time the primary shock reaches the diaphragm and
continued for 0.5 ms. The diaphragm was assumed to act as a
piston of fixed mass. Grid convergence was confirmed by
doubling the resolution and noting no significant change in the
solution.

Figure 2a shows a measured tube wall pressure trace9 at a
location 76 mm downstream of the secondary diaphragm with
analytical and numerical simulations. The numerical solution
accurately predicts the diaphragm location, as well as the
initial pressure field. The reflected shock appears to be
smeared in the experimental trace, possibly as a result of
nonplaner diaphragm rupture. The analytical solution cap-
tures the general features of the flowfield, in particular the
location and pressure on the diaphragm. In addition, Fig. 2b
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shows that there is good agreement between the numerical and
analytical estimates of pressure decay for the particle adjacent
to the diaphragm. This also indicates that the effects of chem-
istry on the pressure distribution are small for the conditions
considered and that the ideal gas approximation is adequate
for this study.

Recombination Chemistry
Recombination in the expansion is calculated using a gen-

eral chemical kinetics computer program10 for a specified par-
ticle pressure-time history, with the gas immediately behind
the reflected shock assumed to be in chemical equilibrium.
There exist several choices for the chemical kinetic rate mech-
anisms for high-temperature air11 that give variations of ap-
proximately ± 20% in the computed atomic oxygen mass frac-
tion. The mechanism in Ref. 12 has been widely used for
computing shock tunnel nozzle flows and is adopted here.

Figure 3 shows computed atomic oxygen and nitric oxide
mass fractions (the only significant air contaminants at these
conditions) as a function of time after flow arrival in the test
section located 14 m from the diaphragm at the exit of the
acceleration tube. The time ordinate in all cases results from
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Fig. 3 Atomic oxygen (O) and nitric oxide (NO) mass fractions in the
test flow at Mach 17 HYPULSE condition.
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Fig. 4 Entropy-inertia correlation for predicting nonequilibrium air
compositions in an expansion tube, TR = tRpfo +1)/2?.

conserving mass between a given particle and the diaphragm
when going from the postincident shock state, 2, through
the reflected shock and expansion, to the facility exit, state 5
(Fig. 1).

Considering the holding time model results, the first parti-
cles to exit the facility (those initially adjacent to the di-
aphragm) experience rapid expansion rates and freeze at a
composition near the pre-expansion value. Subsequent parti-
cles see lesser expansion rates and recombine further, in agree-
ment with the results of Ref. 5. For the numerical solution of
the inertia model, five particle trajectories were analyzed. The
presence of the diaphragm mass reduces the expansion rate for
the first particles yielding greater recombination than the
holding time model. Subsequent particles are processed by a
weaker reflected shock altering the composition as shown.
Using the pressure history from the analytical solution for the
particle adjacent to the diaphragm, good agreement is found
with the numerical solution there. Accuracy of the analytical
solution diminishes for subsequent particles and they are not
analyzed for recombination.

Entropy Correlation
For steady expansion nozzles the frozen enthalpy and com-

position of nonequilibrium air at the nozzle exit correlate well
with the nozzle reservoir entropy.13'14 Nonequilibrium compo-
sitions resulting from unsteady expansion can be similarly
correlated using the postreflected shock entropy, provided
that the initial portion of the expansion occurs in equilibrium
and at constant entropy. For this situation the expansion will
pass through the lower pressure starting conditions of other
expansions having the same entropy. If these expansions sub-
sequently have coincident pressure-time histories, they will
yield the same final composition. From Eq. (4) it can be seen
that coincident expansions have equal values of the modified
time scale

TR = (6)

All expansions with the same rR and initial entropy will yield
the same chemical composition.

Figure 4 illustrates this correlation for atomic oxygen and
nitric oxide mass fractions. It was constructed for a range of
initial pressures of 1.5, 15.0, and 150 MPa and temperatures
from 3500 to 6000 K. These ranges should span the majority
of expansion tube operating conditions for simulating subor-
bital velocities. The correlation is accurate to within the uncer-
tainty due to the high-temperature air kinetics already noted.
It applies to the particle initially adjacent to the diaphragm,
and thus from Fig. 3, represents an upper bound on atomic
oxygen and a reasonable estimate of nitric oxide content.
Departure from the correlation occurs below 3500 K where the
equilibrium starting conditions fall below the freezing condi-
tion of expansions from higher pressure and the same entropy.
The thermodynamic data available in the kinetics code10 set
the 6000 K maximum temperature limit.
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Introduction

IN recent work,1'2 an incremental strategy was proposed to itera-
tively solve the very large systems of linear equations that are

required to obtain quasianalytical sensitivity derivatives from ad-
vanced computational fluid dynamics (CFD) codes. The technique
was successfully demonstrated for two large two-dimensional
problems: a subsonic and a transonic airfoil. The principal feature
of this incremental iterative strategy is that it allows the use of the
identical approximate coefficient matrix operator and algorithm to
solve the nonlinear flow and the linear sensitivity equations; at
convergence, the accuracy of the sensitivity derivatives is not corn-
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promised. This feature allows a comparatively straightforward ex-
tension of the methodology to three-dimensional problems; this
extension is successfully demonstrated in the present study for a
space-marching solution of the three-dimensional Euler equations
over a Mach 2.4 blended wing-body configuration.

Theoretical Background
Discretization of the Euler equations and the boundary condi-

tions results in a large system of coupled nonlinear algebraic equa-
tions; for a steady-state solution, this system is represented as

R[Q(D),D]=Q (D

where Q is the vector of field variables and D is a vector of input
(design) variables. Differentation of Eq. (1) yields the matrix equa-
tion

= _ _ =
dD 3QT 3D (2)

where Q' = dQ/dD. The linear Eq. (2) must be solved for Q for the
subsequent computation of the sensitivity derivatives of the aero-
dynamic output functions F with respect to the input variables D:

F = F\Q(D\D}

Differentiation of Eq. (3) yields

AL = <¥Lof —dD ~ ao^ + az

(3)

(4)

where dF/dD are the sensitivity derivatives of interest.
The standard incremental formulation for iteratively solving the

nonlinear Eq. (1) is

n = 1,2,3,... (D

typical CFD methods, the coefficient matrix operator
? V3g represents only a very rough approximation of the exact

Jacobian matrix that would be associated with a strict implementa-
tion of Newton-Raphson (NR) iteration. Because of memory limi-
tations, NR iteration is not currently feasible on modern supercom-
puters (with the use of in-core solvers) for Euler and/or Navier-
Stokes codes when applied to large two-dimensional and practical
three-dimensional flow problems. This computational difficulty
carries over to the linear sensitivity equations, Eq. (2); as a rem-
edy, these equations should be cast into an incremental form and
solved iteratively as

m = 1,2,3, ... (6)
g'm+i =

Comparison of Eqs. (6) with Eqs. (5) reveals that the identical left-
hand side, approximate coefficient matrix operator and algorithm
can be used to iteratively solve the nonlinear flow equation [Eqs.
(1)] and the linear sensitivity equation [Eqs. (2)]. Thus, only a
change of the right-hand side is required to solve the sensitivity
equations. A more complete discussion of the computational ad-
vantages of this procedure is given in Refs. 1 and 2.

Sample Problem
The three-dimensional Euler equations are solved here for a

fully supersonic flow with the space-marching method described


